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Problems in heat conduction involving a moving boundary are encountered in the freezing 
of liquids and in other situations. Such problems are ditficult to solve, and exact solutions 
are almost unknown. A graphical method for obtaining numerical solutions to problems 
of this type which can be described in terms of one space coordinate is derived and is 
demonstrated in t y o  examples involving the freezing of liquids. The method, which does 
not require specialized knowledge or equipment, takes into account both sensible heats 
and latent heat. 

The rates of solidification of liquids 
have been of interest to engineers for a 
long time, the freezing problem being 
encountered in the manufacture of ice, 
in the casting of metals, in the prepara- 
tion of cast explosive loadings in ordnance 
plants, in the processing of frozen foods, 
and in other circumstances. The mathe-. 
matical problem of unsteady difIusion 
of heat in solids has received a large 
amount of attention, as evidenced by 
extensive treatments (8, 6) ; however the 
special case of unsteady a u s i o n  of heat 
involving a moving boundary, such as 
the problem of freezing, is intractable 
mathematically, and there is little pub- 
lished work to be found on this subject. 

Neumann obtained a particular solu- 
tion for freezing, or melting, in the 
semiinfinite region bounded by a plane. 
The solution, described by Carslaw and 
Jaeger (8) and Ingersoll et al. (6), 
neglects change of volume with freezing 
but takes into account differing thermal 
properties of the two phases. It applies 
for constant temperature initial and 
boundary conditions. Danckwerts (4)  
described solutions for a plane boundary 
similar to Neumann’s but taking into 
account changes in volume. Lightfoot (10) 
treated solidification in the linear case by 
using the concept of moving sources. 
He assumed the thermal properties of 
the solid and of the liquid to be the same. 
Allen and Severn (1) used relaxation 
methods for numerical solution of the 
freezing problem in a semiinfinite medium 
with a plane boundary. Crank (3) 
recently gave methods for numerical 
solution of moving-boundary problems 
where the boundary is a plane. Pekeris 
and Slichter (13) described an approxi- 
mate solution for ice formation on the 
outside of a cylinder when the liquid is 
initially a t  the freezing point. London 
and Seban (11) gave approximate solu- 
tions to the freezing problem for the slab, 
cylinder, and sphere. These solutions 
neglect the specific heats of the two 
phases, and in a later paper Seban and 
London (16) experimentally verified 
these solutions under conditions in which 
the neglect of specific heats was not 

serious. Fujita (6) described approximate 
analytic solutions for diffusion with a 
moving boundary for a semiinfinite 
medium and for the infinite cylinder for 
specific boundary conditions involving 
diffusion on only one side of the boundary. 
In the latter case the solution is appar- 
ently quite laborious. Keller and Ballard 
(9) treated the freezing of orange juioe 
in cylindrical shape by using an effective 
thermometric conductivity which in- 
cluded the latent heat of fusion. They 
considered this treatment appropriate 
for o r a e e  juice since the juice does not 
have a definite freezing point. 

EQUATIONS DESCRIBING FREEZING 

Application of the principles of con- 
servation of energy and of conservation 
of matter to a continuous phase having 
constant thermal conductivity and being 
held a t  constant pressure yields the 
following relationship, if kinetic and 
potential energies are neglected and if 
there are no distributed sources of energy: 

KV2t - u-Vt = - at 
ae 

Equation (1) includes the transport of 
energy by motion of the fluid. 

If it is assumed that there is a definite 
interface between the solid and liquid 

phases and that the latent heat of fusion 
is liberated, or absorbed, a t  this interface, 
consideration of energy transfer a t  the 
interface leads to the equation 

ki(Vti)i - kz(VtJi = LuIU (2) 

If the phase change occurs at a definite 
temperature, the temperatures of both 
phases a t  the interface are described by 

(tl)i = ( tJ i  = t, (3) 
If there is a change in volume accom- 

panying the phase change, there is a 
hydrodynamic velocity of the liquid at 
the interface given by the equation 

(%>i = .(1 - ;)U (4) 

A coordinate system fixed with respect 
to the solid phase is assumed. 

If the specific weight of the liquid 
phase is assumed constant, the equation 
of continuity for the liquid phase reduces 
to  the eguation 

v . u ,  = 0 (5) 
The initial temperature distribution in 
each phase, the initial location of the 
interface, and the boundary conditions 
imposed must also be known in order to 
define the situation completely. 

DISTANCE FEET 

Fig. 1. Graphical construction for example 1. 
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DERIVATIONS FOR GRAPHICAL SOLUTION 

The hydrodynamic velocity shown in 
Equation (1) and detennined by Equa- 
tions (4) and (5), and perhaps by certain 
boundary conditions, serves to complicate 
a problem which is already difficult. It is 
probably permissible, however, in the 
absence of forced convection to neglect 
hydrodynamic velocities, and they are so 
neglected in this paper. The magnitude 
of the error caused by this neglect can 
of course be estimated after solution of 
the simplified problem has been obtained. 

With the neglect of hydrodynamic 
velocity, differential Equations (1) 
through (3) can be solved by graphical 
means when only one coordinate is 
involved. These graphical means are 
extensions of the method described by 
Schmidt (14, 15) for the investigation of 
transient linear heat conduction in solids. 
'The case of linear flow of heat is con- 
sidered first. Equation (1) becomes for 
the solid and liquid phases respectively, 

at, a2t 
ae  ax - = K l - ;  O < x < X  (6) 

and 

azt 
ae ax _ -  at' - Kz+ X I x (7) 

Equation (2) for the linear case becomes 

When the boundaries are stationary, 
Equations (6) and (7) are easily solved 
by the conventional Schmidt graphical 
construction. This construction requires 
that the intervals in time and distance 
be related by the equation 

(AX)' = 2KAB . (9) 
and since the two phases have different 
thermometric conductivities, for equal 
time intervals the distance intervals for 
the two phases must be related by 

However, one boundary for each of 
Equations (6) and (7) moves a t  a velocity 
determined by Equation (8). For this 
reason the solution to Equations (6), 
(7), and (8) is approximated by solving 
Equations (6) and (7) for a series of 
fixed boundaries which are changed a t  
intervals controlled by Equation (8). 
Equation (8) may be written in finite- 
difference form as 

(11) 
AX 

= La, - NAB 
in which NAB is the time necessary for 
the interface to move a distance AX. 

If the operation of averaging is\ included 
in Equation (ll), it becomes 

AX 
A 0  = L U 1  - (12) 

and since the 'increment in the interface 
position AX is taken equal to Ax1, 
rearrangement of Equation (12) and use 
of Equations (9) and (10) lead to the 
relationship 

2L $ [At, - 2 & Atz] = - CPl (13) 

which is the governing equation a t  the 
interface. The temperature increments 
in Equation (13) are measured over the 
interval next to the interface. 

The time for the interface to move a 
distance AX is determined by moving 
the interface by a distance Ax1 and then 
performing Schmidt constructions in 
each phase. The summation of the left 
side of Equation (13) is calculated after 
each time interval As, and N is deter- 
mined by satisfaction of the equality. 

Example 1 Linear Flow of Heat 
with Change of Phase 

Since Neumann's solution (2, 6 )  is an 
exact solution if the hydrodynamic velocity 
is ignored, a graphical solution was made of 
a problem for which Neumann's solution 
applied, and the results of the two methods 
were compared. Furthermore, the situation 
chosen is one in which the sensible heats of 
each phase are of the same order as the 
latent heat of fusion, since approximations 
neglecting either sensible heats or latent 
heat should be least applicable in this case. 
The problem selected may be stated as 
follows: 

A large volume of molten lead is initially 
at a uniform temperature of 800°F. A 
plane at z = 0 is suddenly cooled to 350°F. 
and held at this temperature. Determine 

TIME SECONDS 

Fig. 2. Position of liquid-solid interface, 
example 1.  

the position of the liquid-solid interface as 
a function of time and determine the tem- 
perature distribution at a selected time. 

The situation is described mathematically 
by Equations (6), (7), and (8) and the 
initial and boundary conditions: 

t = 800°F. at 0 5 x 2 00 
for B < 0 (14) 

t = 350°F. at x = 0 

for e > 0 (15) 
and 

t l ,  = t, = 621°F. at x = X (16) 
The physical data used were obtained 

from the International Critical Tables (7)  
and temperature dependence of the prop 
erties was neglected. It was found that, of 
the total energy liberated in cooling lead 
from 800" to 350"F., approximately 23.7% 
is released in cooling the liquid to the 
freezing temperature of 621"F., 40.2% is 
released during freezing, and 36.1% is 
released in cooling the solid from 621" to 
350°F. 

Substituting numerical data in Equation 
(13) yields the following equation: 

N 

C 1 (At1 - 0.696A.tJ = 601 (17) 

To start a graphical solution Azl was taken 
as 0.05 ft. By use of Equation (10) Ax2 was 
found to  be 0.038 ft. and Equation (9) gave 
A0 as 5.69 sec. The construction is shown 
in Figure 1, and point A represents the 
position of the interface for the first 
calculation. At1 was constant for this calcu- 
lation at 271°F. and At2 was determined by 
the graphical construction. Since tempera- 
ture is determined graphically at the first 
interval from the interface only at odd 
values of N ,  the value of temperature to be 
used for even values of N must be arbi- 
trarily decided. It is' considered that use 
of the same temperature as determined for 
the previous odd value of N is appropriate 
here and that a better estimate of the 
average temperature gradient at the inter- 
face is obtained in this way than would be 
obtained by interpolation. Accordingly, for 
use in Equation (17) the temperatures a t  
odd N were determined by the construction 
of Figure 1 and those at even N were taken 
as the same as at the preceding odd N .  
The numbers at points in Figure 1 corre- 
spond to N ,  and, in the case of point A ,  
solution of Equation (17) gave N = 2.83, 
as shown in Table 1, which lists the solutions 
of Equation (17) for all intervals. 

The position of the interface was then 
moved to point B of Figure 1 and graphical 
construction made as is shown in detail. The 
construction for subsequent positions of the 
interface is shown only in part because the 
lines came close together and would cause 
confusion in the small-scale reproduction. 
Constructions with the same increments in 
x were made for increments z4 through D, 
with the results shown in Table 1. Because 
the values of N necessary to solve Equation 
(17) were becoming large, the increment in 
z was doubled for point E ,  with the con- 
sequent quadrupling of the time interval AO. 

The detailed calculations for the solution 
at point C are shown in Table 2 to illustrate 
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the method of determination of the values 
of N shown in Table 1. 

I 
Y &- 

500 

4 50 

0 

The graphically determined position 
of the interface is shown in Figure 2 as 
a function of time, and the result of the 
analytical solution devised by Neumann 
(2) is also shown there. The agreement of 
the graphical solution with the analytical 
solution is good even though rather large 
intervals AX were used on the graphical 
solution. The dashed line represents the 
position of the interface calculated by 
neglecting the specific heats of the two 
phases (11). As would be expected for 
the chosen situation, large errors are 
introduced by neglect of the specific 
heats. 

The distributions of temperature as 
determined by the graphical and by 
Neumann's analytical method were com- 
pared in Figure 3 for a time of 212 sec. 
after initiation of freezing. The graphical 
temperature distribution shown in Figure 
3 was estimated by making arithmetic 
averages of the temperatures shown 
during the construction for point D of 
Figure 1, which corresponds to an elapsed 
time of 212 sec. The agreement of the 
temperatures determined by graphical 
means with those determined by Neu- 
mann's solution is close, in spite of the 
use in the graphical method of what 
appear to be rather crude approximations. 
The fact that the temperature gradients 
in the two phases at the interface appear 
to be the same in Figure 3 is fortuitous. 

0 

NEUYANN SOLUTION - 
0 GRAPHICAL SOLUTION 

GRAPHICAL SOLUTION IN CYLINDRICAL 
SYMMETRY 

In  many applications involving freezing 
the geometry is such that the use of 
cylindrical coordinates is appropriate. If 
the phenomena considered are independ- 
ent of angle and position along the axis, 
and if the hydrodynamic velocity is 
neglected, Equation (1) becomes the 
equations 

and 

K,-- r -  = >  r <  R (19) z:) Y e  - 

and Equation (2) may be expressed as 

Solution of Equations (18), (19), and (20) 
is possible if sufficient initial and bound- 
ary conditions are known. 

Equations in cylindrical coordinates of 
the type shown in Equations (18) and 
(19) are conventionally (8, 15) solved for 
situations where the boundaries are fixed 
by a Schmidt-type graphical construction 
in which the radius is divided into equal 

increments Ar which satisfy the relation- 
ship 

(AT)' = 2KAt9 (21) 
The graphical construction is performed 
on a plot having In r as the abscissa, 
with the intervals in In r selected to cor- 
respond with radii satisfying Equation 
(21), This approximation is satisfactory 
for cylindrical shells and is used here. A 
modification of this method is used for 
the solid phase near the center of the 
cylinder. 

For definiteness the outside phase is 
taken as solid. This assumption cor- 
responds to the case of the freezing of a 
cylinder having an external radius To..> 

A change of variable is made in accord- 
ance with the relationship 

Equations (18) and (19) may be solved 
for a series of fixed boundaries by graph- 
ical construction by use of w as defined 
in Equation (22) as the abscissa, and with 
the increments in w ,selected by use of 

0.1 0.2 0-3 0.4 0.5 
POSITION FEET 

Fig. 3. Temperature distribution at 212 sec., 
example 1. 

Equation (21). The time interval At9 
-must be the same in both phases. 

Use of Equation (22) in Equation (20) 
giues the equation 

when 

w = -In e) (24) 

Equation (23) is written in finite differ- 
ence form as 

If the logarithmic mean radius (12) is 
used, the following equation applies: 

and substitution of Equation (26) in 
Equation (25) gives 

as the equation to be satisfied a t  the 
interface between liquid and solid. Use 
of Equation (27) is similar to  the use of 
Equation (13) for the linear case. 

Example 2 Freezing in a Cylindrical System 

The situation taken as an example of 
freezing in geometry having cylindrical 
symmetry is as follows. 

Molten lead at an initially uniform tem- 
perature of 800°F. is contained in a cylin- 
drical steel mold having an internal diameter 
of 4.0 in. and a wall thickness of % in. The 
mold is cooled externally by a fluid having 
a bulk temperature of 300°F. The heat trans- 
fer coefficient from this fluid to  the mold 
may be taken as 300 B.t.u./(hr.)(sq. ft.) 
( O F . ) .  Determine the position of the liquid- 
solid interface as a function of time after 
initiation of cooling and also determine the 
temperature distribution when the lead is 
almost totally frozen. 

It was assumed that the height of the 
mold was large compared with the diameter, 
and so end effects could be neglected; 
hydrodynamic velocity was neglected also. 
The situation then is expressed mathe 
matically by Equations (18), (19), and 
(20) and the initial conditions 

t, = 800'F. at r,, >_ r 2 0 

for 8 < 0 (28) 
and 

R = ro for 0 I 0 (29) 

and the boundary conditions 

at 
- = 0 at r = 0 (30) ar 

t ,  = t ,  = 621'F. for r = R (31) 
and 

Equation (32) was derived by considera- 
tion of the external heat transfer. The 
specific heat of the steel mold was neglected, 
and the thermal flux from the lead was 

Page 55 Vol. 4, No. 1 A.1.Ch.E. Journal 



equated to that passing through the steel 
mold and into the coolant fluid. Use of 
Equation (22) in Equation (32) gives the 
equation 

A time interval A0 was selected in 
accordance with the relationship 

TO2 A0 = - lZ8K1 (34) 

which corresponds to the time interval 
calculated from Equation (21) for eight 
equal divisions of radius in a solid cylinder. 
A time interval A0 of 0.9864 sec. was 
calculated by use of Equation (34). Because 
the thermometric conductivities of the two 
phases are not equal, the radial intervals in 
the liquid phase must be recalculated for 
each new position of the liquid-solid 
interface by use of the formula 

The intervals A w  for the solid phase were 
calculated to correspond to intervals in the 
radius of one-eighth the internal radius of 
the mold. 

The graphical construction is illustrated 
in Figure 4. Vertical lines a t  the values of 
w calculated for the solid phase are drawn 
in Figure 4 for temperatures less than the 
fusion temperature of 621 "F. Vertical 
lines for temperatures greater than 621°F. 
are drawn as calculated by use of Equation 
(35) for the first four positions of the inter- 
face. Substitution of numerical data in 
Equation (33) gives as a boundary con- 
dition the equation 

This condition is satisfied by construction 
from a point located a t  300°F. and a w of 
-0.3853, as shown in Figure 4. 

Equation (27) may be rearranged to the 
form 

The temperature increments used in aqua- 
tion (37) are those for the increment in w 
closest to W ,  the interface position. The 
values of Cl and (72 in Equation (37) are 
shown in Table 3 for each step. 

The graphical construction used in 
Figure 4 to solve Equation (37) is similar 
to that used for the linear semiinfinite case 
of Example 1 as shown in Figure 1. Only a 
portion of the construction lines is shown 
for each position of the interface in order 
to avoid confusion. The points from which 
values of At1 and Ata were read in Figure 4 
are numbered to correspond to N in Equa- 
tion,(37), and values of At for even N were 
taken as the same as for the preceding odd 
N .  The graphical construction for the 
liquid phase was done for the first four 
steps. Since the temperature of the liquid 
phase was quite close to the fusion tem- 
perature a t  the end of the fourth step, the 
sensible heat of the liquid was neglected for 
subsequent steps. 

The construction was extended for one 
step beyond a radius ratio of 0.125 by 
methods which have not been published. 
It is possible to show that graphical solutions 
of the diffusion equation for solid cylinders 
are considerably improved in accuracy by 
taking the smaller radius of the innermost 
interval as equal to about 10 to 12% of 
the normal increment AT rather than as 
zero. In the present case the innermost 
position was taken a t  a value of T / T O  of 
0.0133, corresponding to a w of 4.323. This 
position is not shown on Figure 4. 

The values of N obtained and the times 
at which the interface was estimated to 
reach the indicated positions are shown in 
Table 3. 

Figure 5 shows the position of the liquid- 
solid interface determined by this graphical 
solution as a function of time. The position 
calculated when the sensible heats of the 
two phases were neglected is also shown in 
Figure 5. 1 

Temperature distributions for two posi- 
tions of the liquid-solid interface are shown 
in Figure 6. The graphical temperatures 
were estimated by taking an arithmetic 
mean of the temperature indicated for each 
value of N without any interpolation be- 
tween construction points. The dotted lines 
of Figure 6 show the logarithmic distribu- 
tion which was obtained when sensible 
heats were neglected. The logarithmic 
distribution becomes a poor approximation 

to the temperature distribution in the solid 
phase as the liquid-solid interface approaches 
the center of the cylinder. The neglect of 
the sensible heat of the liquid phase implies 
that the liquid phase is always at the 
fusion temperature. 

GRAPHICAL SOLUTION IN 
SPHERICAL SYMMETRY 

Situations where the initial and bound- 
ary conditions possess spherical sym- 
metry can be treated in spherical coordi- 
nates. If hydrodynamic velocities are 
neglected and temperature is a function 
only of the radial coordinate and time, 
Equation (1) has the form 

at K a 
ae  Tzar 
- - - - - (T' g) (38) 

and Equation (2) becomes 

Substitution of the variable w, defined 
by the equation 

To w = -  
T 

is made, and Equation (39) becomes 

Equations of the type of Equation (38) 
are conventionally solved for stationary 
boundaries by a Schmidt-type construc- 
tion, With the variable w as abscissa and 
with the increments corresponding to  
equal increments in radius (8, 15). The 
graphical method can be extended to a 
series of fixed boundaries in the spherical 
case, as was done above for the cylindrical 
case. Equation (41), when expressed in 
finite difference form, becomes 

w--.& I 

Fig. 4. Graphical construction for example 2. 
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RADIAL POSITION -r. G 

Fig. 6. Temperature distributions for two 
positions of interface, example 2. 

TABLE 1. SOLUTIONS OF EQUATION (17) 
DETERMINED BY FIGURE 1 

Time Total 
Inter- Solu- inter- elapsed 
face X ,  tion AO, val, time, 

A 0.05 2.82 5.69 16.0 16.0 
B 0.10 6.63 5.69 37.7 53.7 
C 0.15 11.47 5.69 65.3 119.0 
D 0.20 16.35 5.69 93.0 212.0 
E 0.30 12.46 22.76 283.6 495.6 

position ft. N sec. sec. sec. 

TABLE 2. DETAILED SOLUTION OF EQUA- 
TION (17) FOR POINT C OF FIGURE 1 

N Ah, Atz, 
OF. O F .  

1 68 67 
2 68 67 
3 86 54 
4 86 54 
5 90 47 
6 90 47 
7 91 42 
8 91 42 
9 91 39 

10 91 39 
11 91 36 
12 91 36 

Solution: N = 11.47 

0.696Ah, 
OF. 

47 
47 
38 
38 
33 
33 
29 
29 
27 
27 
25 
25 

Residual, * 
O F .  

580 
559 
511 
463 
406 
349 
287 
225 
161 
97 
31 

- 35 

Time increment = 11.47 X 5.69 
= 65.3 sec. 

N N 
*Residual 601 + 0.696 C Ah - C At,. 

1 1 

TABLE 3. CONSTANTS FOR AND SOLUTIONS 
OF EQUATION (37) 

Total 
Constants Soh- elapsed 

R tion time, 
ra CI Cz N sec. Step - 

Constants Soh- elapsed 
Step - R tion time, 

ra CI Cz N sec. 
1 0.875 
2 0.750 
3 0.625 
4 0.500 
5 0.375 
6 0.250 
7 0.125 
8 0.0133 

601 
60 1 
601 
601 
601 
60 1 
601 
480 

0.613 11.53 
0.598 12.62 
0.589 13.21 
0.563 12.75 
- 13.29 - 12.15 
- 11.21 
- 7.16 

11.37 
23.79 
36.81 
49.36 
62.46 
74.44 
85.49 
92.55 

The geometric mean radius ( la )  is 
employed in gquation (42) since the 
geometry is spherical. Equation (42) is 
applied in the graphical solution for 
spherical symmetry in the manner that 
Equations (13) and (27) are used for 
linear and cylindrical cases respectively, 

DISCUSSION 

A procedure suitable for solution of 
moving-boundary problems such as are 
encountered with phase changes has 
been described and demonstrated. The 
method, which is graphical, does not 
require specialized equipment or difficult 
calculations and the time requirement is 
not large considering the relative com- 
plexity of the problem. 

The derivations and the two examples 
chosen are for the freezing of a liquid; 
however the method of solution demon- 
strated should be suitable for other 
situations where the diffusion equation 
applies on each side of a moving boundary 
and the dependent variablexhas a con- 
stant value a t  the moving boundary. 

While no mathematical proof is offered 
that a solution obtained by this method 
is indeed a good approximation to the 
exact solution, it is known that the 
Schmidt method of solution for fixed 
boundary problems is stable and does 
approach the exact solution as the size 
of the increments is reduced. It therefore 
appears that the graphical method 
demonstrated here should behave simi- 
larly, and certainly the results found in 
Example 1 agree very well with the exact 
solution even though the grid used was 
rather coarse. 

NOTATION 

C1, C2 = constants in Equation (37) 
C ,  

d = differential operator 
h = heat transfer coefficient, B.t.u./ 

k = thermal conductivity, B.t.u./ 

k, = thermal conductivity of mold, 

L = latent heat of fusion, B.t.u./lb. 
In = natural logarithm 
N = number of intervals 
R 

T = radius, ft. 
ro 
r. 
t = temperature, “F. 
t, = fusion temperature, “F. 
to = temperature a t  internal surface 

t, = bulk temperature of cooling 

= specific heat a t  constant pres- 
sure, B.t.u./(lb.) (“F.) 

(sq. ft.)(sec.)(OF.) 

(ft.) (sec.) (“F.) 

B.t.u./(ft.) (sec.) (“F.) 

= radius of liquid-solid inteFface, 
ft. 

= internal radius of mold, ft. 
= external radius of mold, f t .  

of mold, O F .  

‘medium, Example 2, O F .  

U = vector velocity of liquid-solid 
interface, ft ./sec . 

u = vector hydrodynamic velocity, 
ft./sec. 

W = value of w at liquid-solid inter- 
face, dimensionless 

w = transformation variable, dimen- 
sionless 

X = value of z a t  liquid-solid inter- 
face, ft. 

z = Cartesian coordinate, ft. 
A = increment in 
0 = time, sec. 
K = thermometric conductivity, sq. 

C = summatioq, 
u 
13 = partial differential operator 
V 
Vs = Laplacian operator of vector 

= scalar product operator of vector 

f t  ./sec. 

= specific weight, lb./cu. ft .  

= operator del of vector analysis 

analysis 

analysis 
Subscripts 

1 = solid phase 
2 = liquid phase 
A,  B = two sides of interval 
aug = average 
z = liquid-solid interface 
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